Abstract-The maximum multiplexing gain of orthogonal relaying protocols has, so far, been limited to 1/2. We propose a new orthogonal decode-and-forward protocol that employs rotated -dimensional constellations. With a single relay, the proposed protocol achieves a linear diversity-multiplexing tradeoff (DMT) connecting the points (0, 2) and ( / + 1, 0), where + 1 is the frame length. With relays, our proposed protocol achieves a linear DMT connecting (0, + 1) and ( / + , 0).
I. INTRODUCTION

I
N cooperative communications, nodes help each other by relaying [1] - [3] , thereby providing spatial diversity. There has been recent interest in devising orthogonal and non-orthogonal relay protocols for half-duplex terminals. The diversity-multiplexing tradeoff (DMT) [4] , is an effective metric to evaluate the efficiency of these protocols. In orthogonal protocols, the source and the relay transmit over orthogonal time intervals [3] and avoid co-channel interference at the destination. Though orthogonal protocols achieve the maximum diversity gain of 2, their multiplexing gain has, so far, been limited to 1/2 [5] .
Non-orthogonal protocols improve on the spectral efficiency [6] , [7] . Here, while the relay forwards the source message to the destination, the source transmits a new message over the same channel. This results in a multiplexing gain of 1 but the destination must deal with interference.
In this letter, we focus on improving the multiplexing gain (and the DMT) of orthogonal relay protocols and propose a half-duplex orthogonal decode-and-forward relay protocol that achieves a multiplexing gain higher than 1/2. With a single relay, the proposed protocol has a cooperation frame (CF) of length + 1 symbol intervals and employs a rotated -dimensional ( -D) QAM constellation for input signaling. We show that, under Rayleigh fading, the proposed protocol achieves a linear DMT connecting (0, d max ) and (r max , 0), where d max = 2 and r max = /( + 1). With > 1 relays, the protocol achieves the maximum diversity gain (d max = + 1) but the multiplexing gain gets reduced to r max = /( + ). The key contribution here is, therefore, an orthogonal protocol whose DMT is arbitrarily close to the optimal DMT of half-duplex relay channels, shown, so far, to be achievable only by a non-orthogonal protocol [8] .
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There has been little work on rotated constellations and cooperative relaying [9] - [11] . While [9] proposed distributed space-time code design when the relays have twoantennas, [10] and [11] investigates relaying based on rotated constellations for a single relay system focusing on improving the error rate performance for fixed data rates (which does not capture the DMT). In all these works, the multiplexing gain is limited to 1/2. assists data transmission between source and destination . Each terminal has a single antenna and is half-duplex. Let ℎ denote the channel gain from terminal to terminal , ∈ { , }, ∈ { , }. We assume that ℎ is known at and ℎ , ℎ and ℎ are known at . The channels {ℎ } are assumed i.i.d. with ℎ ∼ (0, 1) and constant over a coherence time spanning several symbol intervals. The power constraint of the source and relay are set equal to unity.
The conventional orthogonal selection decode-and-forward (COSDF) protocol of [3] is as follows: During the first /2 symbol intervals of a frame spanning symbol intervals, source transmits symbols 1 , . . . , 2 to destination and relay . If is able to decode the source symbols correctly, it re-encodes and forwards the symbols to ; else it remains silent and repeats the symbols to . The multiplexing gain of COSDF protocol is limited to 1/2.
III. PROPOSED ORTHOGONAL SELECTION DECODE-AND-FORWARD PROTOCOL
In the proposed orthogonal selection decode-and-forward (OSDF) protocol, the input symbols are chosen from a rotated -D QAM constellation. Again, a relay forwards symbols only if it is able to decode the source transmission correctly. A cubic -D QAM signal set D is obtained as the Cartesian product of 2 2-D QAM signal sets [12] . To achieve a data rate of bits per 2-dimensions, the -D constellation has (at least) 2 /2 symbols. A symbol vector from a rotated -D constellation D is given by
1536-1276/11$25.00 c ⃝ 2011 IEEE where = ( (1), . . . , ( )) ∈ ℤ is a symbol from unrotated -D QAM constellation D and Φ ∈ ℝ × is a unitary rotation matrix chosen such that that rotated symbols , = 1, . . . , 2 /2 , have the following property:
Such rotated QAM constellations were originally proposed for exploiting component level diversity available with with > 1 components [12] , [13] . While many constellations satisfying Eqn. (2) are available, the optimal rotation matrices for up to 30-dimensions are known [14] . The proposed protocol improves on the multiplexing gain of the COSDF protocol by requiring transmit only one component of the -D symbol. Thus, only one of the components of the message symbol experiences the two independent fading channels. If the symbols are drawn from a standard -D QAM constellation, this results in a diversity gain of only one. However, here, a single component uniquely identifies the -D symbol. The DMT analysis in Section IV shows that, when the effective channel gains experienced by the components of a rotated -D QAM symbol are ordered, the entire symbol enjoys a diversity gain of two even if only one of its components experiences both channels.
With a single relay our scheme is as follows: assume a frame length of + 1 symbol intervals and the channel coherence time to be longer than this frame length. chooses two -D symbols, and , each carrying /2 bits of information, from a rotated -D QAM signal set D . The symbols are combined to obtain complex (equivalently, 2-D) symbols , = 1, . . . , , where˜= ( ) + ( ), = 1, . . . , . The transmission and reception in the proposed OSDF protocol, with a single relay, are described below.
• Source transmits symbols (with unit average energy) , = 1, . . . , , in symbol intervals. The signals received at the destination and the relay are, respectively,
where , and , denote the received signal and additive noise at terminal , ∈ { , }, in the ℎ symbol interval and , ∼ (0, 2 ).
• From the 2-D symbols , , = 1, . . . , , obtains two -D symbols and , where
• If is able to decode the source symbols ( and ) correctly from and , it forwards
to in the ( + 1) ℎ symbol interval. Otherwise, remains silent.
• When decodes source symbols correctly:
∘ Using Eqns. (3) and (4), generates two -D symbols and , where
and the noise terms are given by
∘ From and , obtainsˆandˆas follows:
• When is not able to decode source symbols correctly: ∘ From Eqn. (3), generates two -D symbols and , where
= arg min
The relay is able to decode the source symbols correctly if |ℎ | 2 ≥ (2 − 1)/SNR [3] , where SNR is the signal-to-noise ratio (SNR) at . One could also use a cyclic redundancy check to confirm that has decoded correctly.
In the proposed protocol, no further transmission happens when fails to decode, while in COSDF, repeats its transmission to . As ℎ remains constant over the CF, re-transmission by improves the coding gain but not the diversity gain. As it takes + 1 symbol intervals for symbols, the protocol achieves a maximum multiplexing gain of /( + 1). With > 1 relays, CF spans + symbol intervals and , = 1, . . . , , forwards symbol˜1 to in ( + ) ℎ symbol interval if it decodes the source symbols correctly and remains silent otherwise.
IV. DIVERSITY-MULTIPLEXING GAIN TRADEOFF ANALYSIS
The DMT is essentially the tradeoff, at high SNR, between the error probability and the potential growth of data rate of a system [4] . A diversity gain d(r) is said to be achieved at a multiplexing gain of r, if the transmission data rate R scales as R(SNR) = r log SNR b/s/Hz and the error probability scales as,
and lim
Theorem 1:
The diversity-multiplexing gain tradeoff of the proposed orthogonal selection demodulate-and-forward protocol, with a single cooperating relay, is given by
Proof: Assume that two arbitrary symbols , ∈ D are transmitted in a CF as described in Section III. Without loss of generality, assume that and transmit with unit transmit power and 2 = 2 . With uncoded data transmission, let ,1 is the probability that one of the two -D symbols transmitted in a CF gets decoded erroneously when | D | increases with SNR to support a data rate of R = r log SNR b/s/Hz, 0 ≤ r ≤ r max , where r max = /( + 1).
where ,1 is ,1 conditioned on decodes correctly and ,1 is ,1 conditioned on fails to decode correctly. We now proceed to compute ,1 . Let Pr { → } be the pairwise error probability (PEP) of confusing with when and are the only two hypotheses. At high SNRs,
where is a nearest neighbor to and X ⊂ D is the set of all nearest neighbors of .
where (⋅) is the Gaussian -function [15] and
where
By the property of the input constellation stated by Eqn. (2)
From Eqn. (1),
As the proposed protocol requires + 1 symbol intervals for 2-D symbols, to meet a transmission data rate of R = r log SNR b/s/Hz (per 2-D) , each of the 2-D symbols should have ( +1)R/ bits of information. This requires that the -D symbols and carry ( + 1)R/2 bits each, and hence, the -D constellation will have 2 ( +1)R/2 points in each of the dimensions. The distance between two adjacent points is 2 −( +1)R/2 = SNR −( +1)r/2 [4] . If and are symbols apart along ℎ dimension,
Note that is non-zero for at least one value of , 1 ≤ ≤ , when ∕ = . This implies,
For a given ℎ and ℎ , the variance of the noise term in (cf. Eqn. (6)) is bounded by
Using Eqns. (14), (17) and (18) in Eqn. (11) we bound the PEP as
− /2 [15] . For → 0 + , the pdf ( ) can be approximated by
where = 1/4, = 1 and > 0. To evaluate Eqn. (19), we need Proposition 1 from [16] : Proposition ( [16] ): Let the pdf of a non-negative random variable , for → 0 + , be approximated by
where > 0 and is positive constant. Then
when¯→ ∞.¯is a deterministic positive quantity and is a positive fixed constant. Using Eqn. (20) and the proposition stated above, Eqn. (19) can be evaluated to obtain
where and are appropriately defined constants. As both the upper and lower bounds on Pr{ → } have the same SNR exponent,
where represents the coding gain. By substituting the PEP obtained above in Eqn. (10), we get
and hence
Here, ,1 is the error probability of the − channel without cooperation from .
receives two -D symbols from , each carrying ( + 1)R/2 bits of information, and scales R with SNR as R = r log SNR b/s/Hz, r ∈ [0, /( +1)]. Over the − channel, 
Now, Pr{ fails to decode} is the error probability of the − channel. This probability has an SNR exponent identical to that of (9) gives us ,1 . ,2 , the error probability of the second -D symbol transmitted in the frame, can be computed in a similar manner and it can be shown that ,2 = ,1 . Hence, the symbol error probability is given by
As SNR → ∞, the term with lower SNR exponent dominates (equivalently, the diversity gain is given by the minimum among all the SNR exponents) and can be expressed as
A. Multiple Relays
With > 1 available relays, let ⊆ {1, . . . , }, referred to as decoding set, denote the set of relays that are able to decode the source symbols correctly. Then
where ,1 is the error probability ,1 conditioned on the decoding set . When is the decoding set,
With source transmitting two -D symbols per frame, each carrying ( + )R/2 bits of information, and when R scales with SNR as R = r log SNR 
where ,1 denotes the coding gain. Error probability over the − channel can be shown to be equal to SNR
, where denotes the coding gain. Thus,
) .
At high SNRs, Pr{ } can be approximated as
(29) From Eqns. (27), (28) and (29) we obtain
By symmetry, ,2 = ,1 . Hence, the DMT of the proposed protocol with potential relays is given by
It is worth noting that, instead ofˆ1, the relay can as well transmitˆ=ˆ( ) +ˆ( ) where takes any value between 1 to , without altering any of the results obtained above.
V. DISCUSSION AND CONCLUSIONS
The optimal DMT of a half-duplex relay network with relays is given by [8] 
and a non-orthogonal quantize-and-map protocol [8] was shown to achieve the optimal DMT. Earlier, several relay schemes have been proposed to improve the multiplexing gain and the DMT of half-duplex relaying [17] - [20] . While [18] , [19] proposed non-orthogonal protocols, [17] assumes a missing − channel. Tannious et al. [20] proposed an orthogonal DF protocol that achieves the optimal DMT but requires feedback from the destination. For = 1, Fig. 1 compares the DMT of the proposed protocol with that of a COSDF protocol and the optimal DMT. For = 1, the proposed protocol is equivalent to that of a COSDF protocol and with increasing , the DMT of the proposed protocol gets closer to the optimal DMT. Thus, the proposed orthogonal protocol outperforms the existing orthogonal protocols and achieves a DMT that is very close to the optimal DMT which is shown to be achievable by a non-orthogonal protocol.
For > 1, the DMT of a COSDF protocol is given by [5] Thus, the proposed protocol outperforms the conventional one for every > 1.
It is worth noting that the improved DMT performance comes at a price of decoding complexity. In each CF of length , and have to decode two -D QAM symbols rather than 2-D QAM symbols as in a COSDF protocol. Also, the DMT is a useful figure-of-merit at high SNRs and it does not capture the coding gain. Thus, the DMT analysis here does not account for the resulting SNR penalty to achieve a target error rate at some finite SNR. The near optimal DMT performance of the proposed protocol does not ensure near optimal performance with respect to other metrics such the actual error rate performance which is determined by both the coding gain and the diversity gain.
